Many visual displays, such as movies and television, rely on sampling in the time domain. We derive the spatiotemporal-frequency spectra for some simple moving images and illustrate how these spectra are altered by sampling in the time domain. We construct a simple model of the human perceiver that predicts the critical sample rate required to render sampled and continuous moving images indistinguishable. The rate is shown to depend on the spatial and the temporal acuity of the observer and on the velocity and spatial-frequency content of the image. Several predictions of this model are tested and confirmed. The model is offered as an explanation of many of the phenomena known as apparent motion. Finally, the implications of the model for computer-generated imagery are discussed.
INTRODUCTION
A film of an object in motion presents us with a sequence of static views, yet we usually see the object moving smoothly across the screen. This and other varieties of apparent motion have fascinated and challenged psychologists for more than a century. '-6 It has also become a problem of considerable applied as well as theoretical interest with the advent of computer-generated displays. The applied question is: How often must we present a new view for the stroboscopic display to simulate smooth motion faithfully?
The theoretical question may be stated: How can a sequence of stationary images simulate smooth motion, and why is this particular strobe rate required?
Previous attempts to answer these questions have suffered in part from lack of an objective measure of how well the stroboscopic display simulates a continuous display. The strictest possible criterion for fidelity is considered here: the ability of a human observer to discriminate visually, by whatever means, between stroboscopic and continuous displays. This permits us to determine the conditions under which stroboscopic and continuous motion are visually identical. The perceptual identity of continuous and stroboscopic displays is then explained in terms of the known spatial and temporal properties of the human visual system. This explanation could take either of two forms. We could examine the stimuli and visual mechanisms in terms of their representation in space and time or in terms of spatial and temporal frequency. Although the two explanations are equivalent, the explanation is simpler in the frequency domain. Fahle and Poggio 7 have applied a similar frequency analysis to moving hyperacuity targets.
TIME-SAMPLED MOVING IMAGES
In a stroboscopic display the stimulus is a time-sampled 
CONTRAST DISTRIBUTION OF CONTINUOUS MOTION
Figures 1(a) through 1(d) show the contrast distributions and frequency spectra for smooth and stroboscopic motion. The points and lines in the graphs should be regarded as impulses and line impulses projecting out from the page. For example, the contrast distribution for the smoothly
where 1(x, t) specifies the contrast in the line at each point in horizontal space x and time t and where 6 is the impulse function. The function l(x, t) is a line impulse in the x, t space.
CONTRAST DISTRIBUTION OF STROBOSCOPIC MOTION
The stroboscopic presentation is accomplished by presenting the line briefly every At sec at a contrast of At. This amounts to multiplying by a sampling function
This has the effect of exposing the line only at times that are integral multiples of At. Then the stroboscopic moving line The spatiotemporal-frequency spectrum of the smoothly mc line. To create a smoothly moving line from sinusoidal compor we require that all spatial frequencies and their temporal freq cies increase in proportion to the spatial frequency. The spec is 6(w + ur), where w is temporal frequency in hertz and u is sr frequency in cycles per degree. (d) The spectrum of the l sampled moving line is identical to the spectrum in (c), excep the addition of parallel replicas at intervals of w,. The spectra _n_=-_ 6(w + ur -nw,). A similar analysis of spectra of smoott sampled motion has been provided by. Fahle and Poggio.
This contrast distribution for sampled motion is show where FT indicates the Fourier transform, u is the horizontal spatial frequency in cycles per degree, and w is the tem-* poral frequency in hertz. Figure 1 (c) shows that this spectrum is a line impulse passing through the origin with a slope of-r-.
An intuitive derivation of this result is revealed in the construction of a stationary line from sinusoidal components. Figure 2 illustrates how this is done by adding together an infinity of sinusoids, all with peaks coinciding at the position of the desired line. At that position, the many sinusoids add up to form the impulse; at all other points their values sum to zero. To make this line move, each sinusoid must be translated at the same velocity, so that the peaks continue to coincide at the location of the line. But the temporal frequency of a sinusoid in motion is equal to _\, the product of its spatial frequency and its velocity (w = ur), so the temporal frequency of each sinusoid making up the line must increase in proportion to spatial frequency, with a proportionality constant of r [see Fig. 1(c) ].
FREQUENCY SPECTRUM OF STROBOSCOPIC
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To find the transform of the sampled motion, we use the ,/sec. convolution theorem
,t for n =-at 5111 IS iand (3) 'n in ix in each unit Ies.
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This transformation is shown in Fig. 1(d) . It is the same as that for smooth motion, except for the addition of parallel replicas at intervals of ws Hz. showed that temporal contrast fluctuations more rapid than a critical temporal frequency are not seen. These limits to spatial-and temporal-frequency sensitivity will be called ul and wI, respectively. These two limits have been shown to be relatively independent of each other: The spatial limit does not depend much on the temporal frequency of the stimulus and vice versa. are invisible. This description of spatiotemporal contrast sensitivity is a simplification, but it allows the generation of simple predictions that capture the essential features of the data and that are more than adequate in applied situations. These predictions follow from a reasonable conjecture. We hypothesize that two stimuli will appear identical if their spectra, after passing through the window of visibility, are
WINDOW OF VISIBILITY
identical.
A more precise expression of this hypothesis is that the spatiotemporal distribution of contrast in the image is filtered at some stage in the visual system. The limits of the passband of this filter are ul and w 1 . If, after passing through the filter, the two stimuli are identical, then an observer relying on the output of this filter will be incapable of distinguishing between the two.
CRITICAL SAMPLING FREQUENCY
Note that the spectrum of the sampled line differs from that of the smooth line only by the addition of the parallel replicas at intervals of the sampling frequency. The conjecture above implies that if these replicas lie outside the window of visibility, then the smoothly moving line and the sampled line will be indistinguishable. The replicas may be moved outside the window of visibility either by increasing the sampling frequency (which moves the replicas farther from the origin) or by reducing the velocity (which makes the replicas more early vertical). More precisely, note that for any velocity, the critical sampling frequency will be achieved when the first spectral replica is just touching the corner of the window of visibility, as is shown in Fig. 4 . The coordinates of this corner are (ul, WI); the slope of the line impulse is -r-1 , and it intersects the w axis at the point (w 8 , 0). From this information it is simple algebra to relate the sampling frequency to r, ul, and wl. Specifically, the critical sampling frequency, w, at which smooth and sampled motions become indistinguishable is given by WC = wI + rul. (6) Thus the predicted critical sampling frequency is a linear function of velocity, with an intercept given by the temporalfrequency limit and a slope given by the spatial-frequency limit.
EXPERIMENT 1
This prediction was tested by means of a two-interval forced-choice experiment.
One interval contained a line that moved smoothly to the right or the left; the other interval contained a line moving at the same velocity but sampled at a rate of w,. The observer was asked to choose which interval contained the sampled version and was informed after each trial whether the choice was correct. The smooth line was in fact sampled at 1920 Hz. This is effectively smooth, given the spatial and temporal transfer properties of the cathode-ray display. tion of sampling frequency, the critical sampling frequency was estimated at which the observer was correct 75% of the time. Figure 5 shows the estimates of critical sampling frequency as a function of velocity for two observers. In each case the critical sampling frequency increases approximately linearly with velocity, as predicted by Eq. (6). For both observers the intercept is at about 30 Hz, which is a good estimate for the temporal-frequency limit (wj) under these conditions. The slope of the curve, which according to theory is an estimate of the spatial-frequency limit (ul), is 6 cycles/deg for one observer and 13 cycles/deg for the other.
These are somewhat low for estimates of the spatiai-frequency limit but are not unreasonable given the low contrast and brief duration of the frequency component presumably serving to distinguish between smooth and sampled versions. Thus the data in Fig. 5 support the hypothesis that smooth and sampled motion are visually indistinguishable when the spectral components that differ between them lie outside the window of visibility.
To make a more precise prediction, it is necessary to know the bandwidth of the detector (or detectors) that discriminate between the smooth and the sampled motions. Without this information, the required contrast of the line cannot be derived from the contrast sensitivity to a sinusoidal grating. For example, a detector of 1-octave bandwidth' 2 "1 3 centered at 10 cycles/deg will respond equally to the first spectral replica of the line at 200% contrast and to a sinusoidal grating with 37% contrast. Quantitative predictions would also have to take into account the detailed shape of the window of visibility, the duration of the stimulus, the inhomogeneity of spatial sensitivity acrqss the retina, and possible masking by the spectral components lying within the window of visibility. Such predictions can be made but are beyond the scope of this report. It is partly to enable us to compute these more elaborate predictions that we have begun to construct detailed spatiotemporal models of human visual sensitivity.' 3 -' 7
CONTRAST DISTRIBUTION OF STAIRCASE MOTION
Another effective stimulus for apparent motion is called a staircase presentation because of the appearance of its graph of position with respect to time. It differs from stroboscopic motion in that each presentation lasts the full interval between steps. Since this method of presentation is often used and discussed in the literature on apparent motion, it was of interest to discover whether the window-ofvisibility theory could be applied to it as well. The contrast distribution of staircase motion is derived by first constructing a function representing one stair of the staircase: (7) where u(t) is the unit pulse function. The stair function is pictured in Fig. 6(a) . The full staircase is constructed by convolving the stair function with the strobe function constructed earlier: 
z(x, t) = w'u(tw")5(x),
2 (x, t) = lq(X, t) * z(x, t).
This function is pictured in Fig. 6(b) .
FREQUENCY SPECTRUM OF STAIRCASE > MOTION
To get the transform, we again apply the convolution theo-
E L,(u, w) in Eq. (5) and Fig. 1(d) have already been determined and reproduced in Fig. 6(c) . The transform of the stair is
This function is pictured in Fig. 6(d) . The transform is the product of Z(u, w) and L,(u, w) that is illustrated in Fig. 7 . It differs from that for stroboscopic motion in that each line impulse is "shaved off" by the same function, falling to its first zero at w,.
When will the staircase motion be just indistinguishable from smooth motion? As in the case of stroboscopic motion, the replicas must be kept outside the window of visibility. This leads to the same sampling requirement specified for stroboscopic motion by Eq. (6). But when this condition is met, smooth and sampled spectra still differ by the portion of the center line shaved off by the sinc function (Fig. 8) .
This difference (indicated by stippling in Fig. 8 ) is never more than 12% of the total spectrum and is usually much less. Furthermore, this difference lies in a region in which sensitivity within the window is low. It therefore seems unlikely that critical sampling frequency for staircase motion should differ much fronm that for stroboscopic motion. EXPERIMENT 2 To test this prediction, experiment 1 was repeated for stroboscopic and staircase motion. For staircase motion the line was presented for the full interval between samples (At). The stroboscopic case was repeated because thresholds were collected by a method of adjustment rather than by the forced-choice method used in experiment 1. In the adjustment method, the observer was presented with a sequence of alternating smooth and sampled motions and was asked to adjust the sampling frequency until the two appeared just discriminable.
The results for two observer., are shown in Fig. 9 ., The important observation is as kredicted, that stairc&6 and stroboscopic presentation require the same critical sampling rate. The stroboscopic data collected with method of adjustment are very similar to the forced-choice data of experiment 1.
SPATIAL DEPENDENCE OF THE CRITICAL SAMPLING FREQUENCY
The spatial stimulus thus far considered is a narrow line that has spatial frequencies extending well beyond the window of visibility. When the stimulus contains a restricted range of spatial frequencies, the predictions change somewhat. Consider the case of a stimulus band limited to below u 0 cycles/ deg. The spectrum will again lie along a line with a slope of -ri, but it will terminate at u 0 and-u 0 . When this stimulus is presented stroboscopically at the critical sampling frequency, the situation diagrammed in Fig. 10 will result. The first replica just touches the window when WC = Wi + ru 0 . (11) Note that this situation is the same as that for Eq. (6), except that the spatial border of the window ul has been replaced by the spatial border of the stimulus u 0 . It therefore seems appropriate to generalize and say that the spatial-frequency term in Eq. (11) should be regarded as the highest effective spatial frequency in the stimulus. This quantity will be given by the limit of the window or the stimulus, whichever is lower.
EXPERIMENT 3
This prediction was tested by asking observers to distinguish between two vertical sinusoidal gratings that drifted at the same rate (one effectively smooth and the other sampled at some rate). The use of gratings permits particularly simple predictions, since the critical sampling frequency should be equal to the temporal-frequency limit plus the velocity times the spatial frequency of the grating.
The gratings were presented at a 20% contrast on a 50-cd m-2 background (P31 phosphor). Display frame rate was 
RELATION TO APPARENT MOTION
It has been shown that stroboscopic and staircase motion, in which a long sequence of many views is presented to the observer, are explained by the spatiotemporal-filtering action of the eye. These two cases constitute the most compelling varieties of apparent motion. However, many classic instances of apparent motion use only two samples or two samples in repeated alternation. In such displays, the illusion has been reported to occur over distances of several degrees and time intervals of several hundred milliseconds, 3 well outside the limits for perfect fidelity discovered here. But two-sample displays evidently produce an illusion much inferior to that obtained with many samples. 18 It remains to be seen whether such displays are indistinguishable from a 22 The notion from this paper that does extend to these models is that of examining what portions of the spectrum of a motion stimulus (real or apparent) lie within the passband of the hypothetical sensor.
IMAGE RECORDING
Many images that appear on stroboscopic displays were re- the u, w plane with slope -r- 1 . Thus, as shown in Fig. 12 , all spatial frequencies above u = wf/r are removed. Substituting this as the highest effective spatial frequency in Eq. (11) gives WC = wl + r(wf/r) = WI + Wf. (12) This condition will hold whenever wf/r is less than u 0 or ul.
Thus the sampling requirements remain constant, regardless of velocity. In effect, the amount of spatial filtering just compensates for the increased sampling rate that an increase in velocity would otherwise require. Furthermore, the spatial filtering occurs only when the image moves, so that stationary images can be viewed with high detail.
All the cases considered above can now be summarized in one equation in which the highest effective spatial frequency is given by the least of three possible limits: WC = WI + r min(uo, ul, wf/r).
COMPUTER-GENERATED IMAGERY
Computer-generated images bypass the camera-recording process and are not subject to the spatial and temporal prefiltering described above. In object space, that is, the coordinate space in which the image is defined internal to the computer, the image may have infinitely high spatial and temporal frequencies. It is for this reason that presentation of computer imagery on conventional television displays, with their temporal sampling frequency of 30 or 60 Hz, often gives rise to serious artifacts.
One possible solution to this problem is to simulate the recording process in the computer. This might be possible by sampling the scene at extra-high resolution, averaging the last n frames, and then sampling at the resolution of the display. However, this would require that all computations necessary to get from object space to image space (projection, hidden-line removal, surface generation, shading, etc.) be done at the extra-high resolution. An alternative strategy would be to code the image in spatial-frequency bands and then select for display only those bands that velocity and sampling frequency will not alias. This subject has lately received intense interest in the computer-graphics community, and a number of novel methods of temporal antialiasing have been proposed. 2 3 -26 Whatever the algorithm employed, all these methods enhance the similarity between the portions of the image spectrum within the window of visibility of continuous and sampled versions.
CONCLUSIONS
The general notions presented here regarding sampled displays and visual filtering can be extended to an arbitrary spatial image undergoing an arbitrary transformation over time, and the sampling process can be extended to the two spatial dimensions as well as time. They provide answers to some long-standing puzzles in perceptual psychology and to some modern problems in advanced visual displays.
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